Abstract. Tangent spaces and tangent bundles of smooth manifolds are the building blocks for differential geometry. We study how these structures can be extended to diffeological spaces, which are generalizations of smooth manifolds that include singular spaces and infinite-dimensional spaces. There are several equivalent ways of defining the tangent space of a smooth manifold at a point which give rise to inequivalent definitions in the case of diffeological spaces. In this paper we focus on two ways. The internal tangent space of a diffeological space is defined using smooth curves into the space, and the external tangent space is defined using smooth derivations on germs of smooth functions. After proving basic results about these tangent spaces, we compare them by calculating many examples and observe that while they agree for smooth manifolds and most of the examples, they do not agree in general.
generalization, which includes as special cases manifolds with corners, infinite-dimensional manifolds, and a wide variety of spaces with complicated local behaviour. In fact, the collection of diffeological spaces is closed under taking subsets, quotients and function spaces, and thus gives rise to a very well-behaved category. Moreover, the definition of diffeological space is extremely simple, and we encourage the reader not familiar with the definition to read Definition 2.1 now. The standard textbook for diffeological spaces is [I3] , and we briefly summarize the basic theory in Section 2.
Tangent spaces and tangent bundles are important tools for studying smooth manifolds. There are many equivalent ways to define the tangent space of a smooth manifold at a point. These approaches have been generalized to diffeological spaces by many authors, including the following. In the papers that introduced diffeological groups and spaces, Souriau [So1, So2] defined tangent spaces for diffeological groups by identifying smooth curves using certain states. Hector [He] defined tangent spaces and tangent bundles for all diffeological spaces using smooth curves and a more intrinsic identification, and these were developed further in [HM, La] . (We point out some errors in all of [He, HM, La] , and give corrected proofs when possible or counterexamples in other cases.) Vincent [V] defined tangent spaces for diffeological spaces by looking at smooth derivations represented by smooth curves, and built associated tangent bundles using the same construction we use in this paper. Iglesias-Zemmour [I3, 6.53 ] defined the tangent space to a diffeological space at a point as a subspace of the dual of the space of 1-forms at that point, and used these to define tangent bundles.
In this paper, we begin by studying two approaches to defining the tangent space of a general diffeological space at a point. The first is the approach introduced by Hector, which uses smooth curves, and which we call the internal tangent space (see Subsection 3.1). The second is a new approach that uses smooth derivations on germs of smooth real-valued functions, which we call the external tangent space (see Subsection 3.2). In these subsections, we prove basic facts about these tangent spaces, such as locality, and give tools that allow for the computations we do later. We also show that the internal tangent space respects products, and prove the non-trivial result that the internal tangent space only depends on the plots of dimension at most 2.
In Subsections 3.3, 4.1 and 4.4, we compute these two tangent spaces for a diverse set of examples. We summarize some of the computations in the following table: We see that these two tangent spaces coincide in many cases, including of course for smooth manifolds, but that they are different in general. In Subsection 3.4, we briefly describe some variants of our definitions that one could also consider.
In Section 4, we study tangent bundles. Since the internal tangent space has better formal properties, and we are able to compute it in more examples, we define our tangent bundle (as a set) to be the disjoint union of the internal tangent spaces. Subsection 4.1 begins by describing the diffeology that Hector put on this internal tangent bundle [He] , and then shows that it is not well-behaved in general. For example, we show in Example 4.3 that the fibrewise addition and scalar multiplication maps are not smooth in general, revealing errors in [He, HM, La] . We then introduce a refinement of Hector's diffeology, which we call the dvs diffeology, that avoids these problems. We also reprove the fact that the internal tangent bundle of a diffeological group with Hector's diffeology is trivial, since the original proof was partially based on a false result, and as a result we conclude that Hector's diffeology and the dvs diffeology coincide in this case. In Subsection 4.2, we give a conceptual explanation of the relationship between Hector's diffeology and the dvs diffeology: they are colimits, taken in different categories, of the same diagram.
The two diffeologies on the tangent bundle give rise to diffeologies on each internal tangent space. In Subsection 4.3, we study the question of when internal tangent spaces, equipped with either of these diffeologies, are fine diffeological vector spaces. Here the fine diffeology on a vector space is the smallest diffeology making the addition and scalar multiplication maps smooth. We show that for many infinite-dimensional spaces, both Hector's diffeology and the dvs diffeology on the internal tangent spaces are not fine. On the other hand, we also show that the internal tangent space of any fine diffeological vector space V at any point is isomorphic to V as diffeological vector spaces.
Finally, in Subsection 4.4, we study the internal tangent bundles of function spaces, and generalize a result in [He, HM] that says that the internal tangent space of the diffeomorphism group of a compact smooth manifold at the identity is isomorphic to the vector space of all smooth vector fields on the manifold. Again we find that in these cases, Hector's diffeology coincides with the dvs diffeology.
All smooth manifolds in this paper are assumed to be finite-dimensional, Hausdorff, second countable and without boundary, all vector spaces are assumed to be over the field R, and all linear maps are assumed to be R-linear.
Background on diffeological spaces
We provide a brief overview of diffeological spaces. All the material in this section can be found in the standard textbook [I3] . For a concise introduction to diffeological spaces, we recommend [CSW] , particularly Section 2 and the introduction to Section 3.
Definition 2.1 ([So2]).
A diffeological space is a set X together with a specified set D X of functions U → X (called plots) for each open set U in R n and for each n ∈ N, such that for all open subsets U ⊆ R n and V ⊆ R m :
(1) (Covering) Every constant map U → X is a plot; (2) (Smooth Compatibility) If U → X is a plot and V → U is smooth, then the composite
is an open cover and U → X is a set map such that each restriction U i → X is a plot, then U → X is a plot. We usually use the underlying set X to denote the diffeological space (X, D X ).
A set map f : X → Y between diffeological spaces is smooth if for every plot p : U → X of X, the composite f • p is a plot of Y .
Write Diff for the category of diffeological spaces and smooth maps. Given two diffeological spaces X and Y , we write C ∞ (X, Y ) for the set of all smooth maps from X to Y . An isomorphism in Diff will be called a diffeomorphism.
Every smooth manifold M is canonically a diffeological space with the same underlying set and plots taken to be all smooth maps U → M in the usual sense. We call this the standard diffeology on M , and, unless we say otherwise, we always equip a smooth manifold with this diffeology. It is easy to see that smooth maps in the usual sense between smooth manifolds coincide with smooth maps between them with the standard diffeology.
The set D of diffeologies on a fixed set X is ordered by inclusion, and is a complete lattice. The largest element in D is called the indiscrete diffeology on X, and consists of all set maps U → X. The smallest element in D is called the discrete diffeology on X, and consists of all locally constant maps U → X.
The smallest diffeology on X containing a set of maps A = {U i → X} i∈I is called the diffeology generated by A. It consists of all maps f : U → X that locally either factor through the given maps via smooth maps, or are constant. The standard diffeology on a smooth manifold is generated by any smooth atlas on the manifold, and for every diffeological space X, D X is generated by ∪ n∈N C ∞ (R n , X). For a diffeological space X with an equivalence relation ∼, the smallest diffeology on X/∼ making the quotient map X ։ X/∼ smooth is called the quotient diffeology. It consists of all maps U → X/∼ that locally factor through the quotient map. Using this, we call a smooth map f :
, and X/∼ has the quotient diffeology.
For a diffeological space Y and a subset A of Y , the largest diffeology on A making the inclusion map A ֒→ Y smooth is called the sub-diffeology. It consists of all maps U → A such that U → A ֒→ Y is a plot of Y . Using this, we call a smooth map f : X → Y an induction if it induces a diffeomorphism X → Im(f ), where Im(f ) has the sub-diffeology of Y .
The category of diffeological spaces is very well-behaved:
Theorem 2.2. The category Diff is complete, cocomplete and cartesian closed.
The descriptions of limits, colimits and function spaces are quite simple, and are concisely described in [CSW, Section 2] . We will make use of these concrete descriptions. Unless we say otherwise, every function space is equipped with the functional diffeology.
A diffeological space is a set with some extra structure. We can associate to every diffeological space the following interesting topology: I1] ). Given a diffeological space X, the final topology induced by its plots, where each domain is equipped with the standard topology, is called the D-topology on X. (2) The D-topology on a discrete diffeological space is discrete, and the D-topology on an indiscrete diffeological space is indiscrete.
For more discussion of the D-topology of a diffeological space, see [CSW] .
A smooth manifold of dimension n is formed by gluing together open subsets of R n via diffeomorphisms. A diffeological space is also formed by gluing together open subsets of R n via smooth maps, possibly for all n ∈ N. To make this precise, let DS be the category with objects all open subsets of R n for all n ∈ N and morphisms smooth maps between them. Given a diffeological space X, we define DS/X to be the category with objects all plots of X and morphisms the commutative
with p, q plots of X and f a smooth map. We call DS/X the category of plots of X. Then we have:
Proposition 2.5 ( [CSW, Proposition 2.7] ). The colimit of the functor F : DS/X → Diff sending the above commutative triangle to f : U → V is X.
Given a diffeological space X, the category DS/X can be used to define geometric structures on X. For example, see [I3] for a discussion of differential forms and the de Rham cohomology of a diffeological space. In this paper, we will use a pointed version of DS/X to define the internal tangent space of X.
Tangent spaces
We discuss two approaches to defining the tangent space of a diffeological space at a point: the internal tangent space introduced by Hector using plots, and the external tangent space defined using smooth derivations of the algebra of germs of smooth functions. We prove basic facts about these tangent spaces in Subsections 3.1 and 3.2, and then compute them for a wide variety of examples in Subsection 3.3. Although they are isomorphic for smooth manifolds, we find that the two approaches are different for a general diffeological space; see Examples 3. 16, 3.17, 3.18 and 3.19 . In Subsection 3.4, we mention some other approaches to defining tangent spaces.
3.1. Internal tangent spaces. The internal tangent space of a pointed diffeological space is defined using plots. It was first introduced in [He] , and is closely related to the kinematic tangent space of [KM] (see Subsection 3.4).
To start, we will define a pointed analog of the category DS/X of plots of X, introduced just before Proposition 2.5. Let DS 0 be the category with objects all connected open neighbourhoods of 0 in R n for all n ∈ N and morphisms the smooth maps between them sending 0 to 0. Given a pointed diffeological space (X, x), we define DS 0 /(X, x) to be the category with objects the plots p : U → X such that U is connected, 0 ∈ U and p(0) = x, and morphisms the commutative triangles
where p, q ∈ Obj(DS 0 /(X, x)) and f is a smooth map with f (0) = 0. We call DS 0 /(X, x) the category of plots of X centered at x. It is the comma category of the natural functor from DS 0 to Diff * , the category of pointed diffeological spaces.
Definition 3.1 ( [He] ). Let (X, x) be a pointed diffeological space. The internal tangent space T x (X) of X at x is the colimit of the composite of functors DS 0 /(X, x) → DS 0 → Vect, where Vect denotes the category of vector spaces and linear maps, the first functor is the forgetful functor and the second functor is given by (f :
. Given a plot p : U → X sending 0 to x and an element u ∈ T 0 (U ), we write p * (u) for the element these represent in the colimit.
Let f : (X, x) → (Y, y) be a smooth map between pointed diffeological spaces. Then f induces a functor DS 0 /(X, x) → DS 0 /(Y, y). Therefore, we have a functor T : Diff * → Vect. Indeed, the functor T is the left Kan extension of the functor DS 0 → Vect sending f :
Note that the category of plots of a diffeological space centered at a point is usually complicated. In order to calculate the internal tangent space at a point efficiently, we need a simpler indexing category.
Let (X, x) be a pointed diffeological space. We define a category G(X, x) whose objects are the objects in DS 0 /(X, x), and whose morphisms are germs at 0 of morphisms in DS 0 /(X, x). In more detail, morphisms from p : (U, 0) → (X, x) to q : (V, 0) → (X, x) in G(X, x) consist of equivalence classes of smooth maps f : W → V , where W is an open neighborhood of 0 in U and p| W = q • f . Two such maps are equivalent if they agree on an open neighborhood of 0 in U . Then there is a functor G(X, x) → Vect sending the morphism
, and its colimit is T x (X).
A local generating set of X at x is a subset G of Obj(G(X, x)), such that for each object
Proposition 3.4. Let (X, x) be a pointed diffeological space. Let X ′ be the diffeological space with the same underlying set as X, with diffeology generated by all plots R 2 → X. Then the identity map X ′ → X is smooth and induces an isomorphism
Proof. Since R is a retract of R 2 , every plot R → X factors through a plot R 2 → X, and so X ′ contains the same 1-dimensional plots as X. Therefore, by Proposition 3.3, the linear map
To prove injectivity, we need a more concrete description of the internal tangent spaces. From the description of T x (X) as a colimit indexed by the category G(X, x), we can describe T x (X) as a quotient vector space F/R. Here F = ⊕ p T 0 (U p ), where the sum is indexed over plots p : U p → X sending 0 to x, and R is the span of the vectors of the form (p, v) − (q, g * (v)), where p : U p → X and q : U q → X are plots sending 0 to x, g : U p → U q is a germ at 0 of a smooth map sending 0 to 0 with (p, v) denotes v in the summand of F indexed by p, and (q, g * (v)) denotes g * (v) in the summand of F indexed by q. Unless needed for clarity, we will write such a formal difference as simply v − g * (v), and not repeat the conditions on p, q, g and v. We call v − g * (v) a basic relation, and call U p the domain of the relation.
Similarly,
where F ′ and R ′ are defined as above, but restricting to plots that factor through plots of dimension 2. In this notation, the natural map T x (X ′ ) → T x (X) is induced by the inclusion F ′ ⊆ F , and the surjectivity of this map says that every element of F is equal modulo R to an element of F ′ . As a start to proving injectivity, we first show that the basic relations v − g * (v) are generated by those that have 1-dimensional domain U p . Choose a germ f : R → U p so that f (0) = 0 and
which shows that our given relation is a sum of relations with domain R. (This argument is similar to that of Proposition 3.3, and shows how that argument could be made more formal.)
We now know that a general element of R is of the form
, where g i : R → U qi . Next we show that r can be written as a sum of basic relations such that any plot q : U q → X (sending 0 to x) with dim(U q ) > 2 appears in at most one term of the sum. Suppose q is such a plot that appears in more than one term of r. Without loss of generality, suppose g 1 and g 2 are the maps R → U q and v 1 and v 2 are the vectors in T 0 (R) which give two such terms in r. Let i 1 and i 2 be the inclusions of R into R 2 as the x-and y-axes, and define a germ g : R 2 → U q by g(x, y) = g 1 (x) + g 2 (y). (g may not be globally defined, but it is defined in a neighbourhood of 0.) Then we have a commutative diagram
. The first two basic relations on the left-hand-side involve maps R → R 2 , while the third involves a map R 2 → U q . Next, as in the previous paragraph, we replace this third basic relation by two, one using a map R → R 2 and the other a map R → U q . The result is that our new set of terms still consists of basic relations with domain R, but the number of occurrances of the plot q has been reduced by 1. Proceeding in this way, one can ensure that each such q appears at most once.
Finally, to prove injectivity of the map F ′ /R ′ → F/R, we need to show that every element r of
By the above, we can write r as a sum
, where g i : R → U qi and each q i with domain of dimension bigger than 2 appears in at most one term. Since r is in F ′ , its component in any summand T 0 (U q ) of F must be zero if q does not factor through a plot of dimension 2. Since such a plot can appear in at most one term v − g * (v), no cancellation can occur, so we must have that g * (v) = 0. So it suffices to show that we can eliminate such terms. If v = 0, then v − g * (v) = 0, so this term can be dropped. Otherwise, we must have g(0) = g ′ (0) = 0, and so we can write g(x) = x 2 h(x) for a smooth map h : R → U q . Thus we can factor g as
The map i has codomain R 2 , so the first basic relation is of the required form, but we must still deal with the second relation. Consider the map i 1 : R → R 2 sending x to (x, 0).
. Again, the first basic relation is of the required form. For the second, note that the map f • i 1 is the zero map, and so c
This completes the proof.
The internal tangent space is local, in the following sense:
Proposition 3.5. Let (X, x) be a pointed diffeological space, and let A be a D-open neighborhood of x in X. Equip A with the sub-diffeology of X. Then the natural inclusion map induces an isomorphism
Proof. This is clear.
Proposition 3.6. Let (X 1 , x 1 ) and (X 2 , x 2 ) be two pointed diffeological spaces. Then there is a natural isomorphism of vector spaces
Proof. Let p i : X 1 × X 2 → X i , i = 1, 2, denote the projections. Then it is not hard to check that the
is an isomorphism of vector spaces.
For an arbitrary product X = i∈I X i of diffeological spaces, there is also a natural map ((p i ) * ) :
where the p i 's are the projections, and it is easy to see that it is always an epimorphism. (This fact will be used in Example 4.22.) We don't know if it is injective in general.
3.2. External tangent spaces. In contrast to the internal tangent space, which is defined using plots, the external tangent space of a pointed diffeological space (X, x) is defined using germs of real-valued smooth functions on X. This is analogous to the operational tangent space defined in [KM] .
Let A(X, x) = colim B C ∞ (B, R) be the diffeological space of germs of smooth functions, where the colimit is taken in Diff, B runs over all D-open subsets of X containing x together with the subdiffeology, C ∞ (B, R) has the functional diffeology, and the maps in the colimit are restrictions along inclusions. A(X, x) is a diffeological R-algebra under pointwise addition, pointwise multiplication and pointwise scalar multiplication, i.e., all these operations are smooth, and the evaluation map A(X, x) → R sending [f ] to f (x) is a well-defined smooth R-algebra map.
Definition 3.7. An external tangent vector on X at x is a smooth derivation on A(X, x). That is, it is a smooth linear map F : A(X, x) → R such that the Leibniz rule holds:
The external tangent spaceT x X is the set of all external tangent vectors of X at x.
ClearlyT x X is a vector space under pointwise addition and pointwise scalar multiplication. The Leibniz rule implies that F ([c]) = 0 for every external tangent vector F on X at x and every constant function c : X → R.
Let f : (X, x) → (Y, y) be a pointed smooth map between two pointed diffeological spaces. Then f induces a canonical linear map f * : (Dom(g) ) . This gives a functorT : Diff * → Vect.
We next give an equivalent characterization of the external tangent space of a diffeological space. Recall that A(X, x) is a diffeological R-algebra, and the evaluation map A(X, x) → R is a smooth R-algebra homomorphism. Let I x (X) be the kernel of the evaluation map, equipped with the subdiffeology, and let I x (X)/I 2 x (X) be the quotient vector space with the quotient diffeology. We define
, the set of all smooth linear maps
It is easy to check that both α(F ) : I x (X)/I 2 x (X) → R and β(G) : A(X, x) → R are smooth, and that α and β are well-defined inverses to each other.
The external tangent space is also local: Proposition 3.9. Let (X, x) be a pointed diffeological space, and let A be a D-open subset of X containing x. Equip A with the sub-diffeology of X. Then the natural inclusion map induces an isomorphismT x (A) ∼ =Tx(X).
3.3. Examples and comparisons. We now calculate the internal and external tangent spaces of some pointed diffeological spaces. A table summarizing the results is in the Introduction.
Example 3.10. (1) Let X be a discrete diffeological space. Then for each x ∈ X, T x (X) = 0, since the local generating category of X at x with one object x : R 0 → X is final in G(X, x). Also, T x (X) = 0, since I x (X) = 0.
(2) Let X be an indiscrete diffeological space. Then for each x ∈ X, T x (X) = 0, since for any p : R → X ∈ Obj(DS 0 /(X, x)), there exists q : R → X ∈ Obj(DS 0 /(X, x)) such that q • f = p, where f : R → R is defined by f (x) = x 3 . Also, one can show easily thatT x (X) = 0.
Example 3.11. Let (X, x) be a pointed topological space. Write C(X) for the diffeological space with underlying set X whose plots are the continuous maps. Then [He, Proposition 4 .3] says that T x (C(X)) = 0. We now show thatT x (C(X)) = 0 as well. Let A be a D-open subset of C(X), equipped with the sub-diffeology, and fix a smooth map g : A → R. It suffices to show that g is locally constant. Let p : R → A be a plot of A; that is, p is a continuous map R → X whose image is in A. Since g is smooth, so is g • p : R → R. Moreover, for any continuous h : R → R, p • h is a plot of A and so g • p • h is smooth as well. Taking h(t) = |t| + a for each a ∈ R, for example, one sees that g • p is constant and so g is locally constant.
Example 3.12. It is a classical result that for every pointed smooth manifold (X, x), T x (X) ∼ = R n ∼ = T x (X), with n = dim(X). In fact, any derivation F : A(X, x) → R is smooth. This follows from Proposition 3.9 and [CSW, Lemma 4.3] .
Example 3.13. Let X be the pushout of R R
with i 1 (s) = (s, 0) and i 2 (t) = (0, t) induces a smooth injective map i : X → R 2 , and we identify points in X with points in R 2 under the map i. Note that the diffeology on X is different from the sub-diffeology of R 2 (see Remark 3.14 (2)), but the D-topology on X is the same as the sub-topology of R 2 . It is not hard to check that
We claim that the same is true for the external tangent spacesT x (X):
The first equality follows from Proposition 3.9 and Example 3.12. For the second equality, we define maps a :
, where j 1 , j 2 are the structural maps from the pushout diagram of X. It is clear that both a and b are well-defined linear maps and that they are inverses, so the second equality follows.
Remark 3.14.
(1) Note that in the above example dim (0,0) (X) = 1 < 2 = dim(T (0,0) (X)); see [I2] for the definition of the dimension of a diffeological space at a point. In general, unlike smooth manifolds, there is no relationship between the dimension of a diffeological space at a point and the dimension of its tangent space at that point.
(2) Let Y = {(x, y) ∈ R 2 | xy = 0} with the sub-diffeology of R 2 . The map i introduced in Example 3.13 gives a smooth bijection X → Y . However, this map is not a diffeomorphism. To see this, let f : R → R be defined by
Then f is a smooth function, and R → R 2 defined by x → (f (x), f (−x)) induces a plot of Y , but not a plot of X.
Although X and Y are not diffeomorphic, their internal and external tangent spaces at any point are isomorphic. This is clear away from the origin, so consider y = (0, 0) ∈ Y . Both [He, Example 4.4(i) ] and [HM, Example 6 .2] claim without proof that T y (Y ) = R 2 . We sketch a proof here. The inclusion map i :
There is also a linear map f :
To prove that f is surjective, it is enough to show that if r : R → Y is a plot sending 0 to y and r does not locally factor through p or q near 0, then r * ( d dt ) = 0. It is easy to observe that if we write the composite i
, and hence the conclusion follows from an argument similar to that used in Example 3.19 below. Now we claim that A(Y, y) = A(X, y) as diffeological spaces, from which it follows thatT y (Y ) = T y (X), which is R 2 by Example 3.13. To see that A(Y, y) = A(X, y), we first note that the Dtopologies on X and Y are equal, both being the sub-topology of R 2 . There is a cofinal system of Dopen neighbourhoods of y each of which is diffeomorphic to Y (resp. X) when given the sub-diffeology of Y (resp. X). Thus it is enough to show that C ∞ (Y, R) = C ∞ (X, R) as diffeological spaces. There is a canonical smooth injection i :
induced by the smooth bijection X → Y . To show that this is a diffeomorphism, it suffices to show that every plot V → C ∞ (X, R) factors through i. By adjointness, this is equivalent to showing that every smooth map V × X → R factors through the bijection V × X → V × Y . A smooth map V × X → R is the same as a pair of smooth maps g, h : V × R → R such that g(v, 0) = h(v, 0) for all v ∈ V . Such a map extends to a smooth map V × R 2 → R which sends (v, (x, y)) to g(v, x) + h(v, y) − g(v, 0), and therefore the restriction to V × Y is smooth. (See [V, Example 12(c) ] for a similar argument.)
Remark 3.15. Given a pointed diffeological space (X, x), there is a natural morphism β : T x (X) → T x (X) which is defined on the generators by
, where u is in T 0 (U ) ∼ =T0(U ), p : U → X is a plot of X with U connected, 0 ∈ U and p(0) = x, and [f ] is in A(X, x). It is straightforward to show that β(p * (u)) : A(X, x) → R is smooth. By the definition of push-forwards of tangent vectors on smooth manifolds, it is clear that β is well-defined. Then we can linearly extend it to be defined on T x (X). Clearly β is linear, and β induces a natural transformation T →T : Diff * → Vect. However in general, β is neither injective nor surjective; see the following examples.
Example 3.16. (1) Let X be R n equipped with the diffeology generated by the set C ∞ (R, R n ) of smooth curves. This is sometimes called the "spaghetti" or "wire" diffeology. It is clear that X is not diffeomorphic to R n with the standard diffeology, if n ≥ 2. By [CSW, Theorem 3.7] , the D-topology on X coincides with the usual topology on R n . Let U be any D-open subset of X equipped with the sub-diffeology, and let U ′ denote the same subset of R n with the sub-diffeology. By Boman's theorem [KM, Corollary 3.14 
n for any x ∈ X. On the other hand, one can show that in this case the relations between generating internal tangent vectors are determined by smooth curves in X, and hence that T x (X) has uncountable dimension when n ≥ 2. For example, the internal tangent vectors (p α ) * ( d dt ) for α ∈ R are all linearly independent, where p α : R → X sends x to (x, αx).
In other words, this example shows that the internal tangent space of a diffeological space at a point is not determined by the plots of curves.
(2) Let Y be R n equipped with the diffeology generated by the set C ∞ (R 2 , R n ) of smooth planes. (One might call this the "lasagna" diffeology.) Then Y is neither diffeomorphic to X in (1) if n ≥ 2, nor diffeomorphic to R n with the standard diffeology if n ≥ 3. But by Proposition 3.4 and (1) above,
Example 3.17. Let T 2 = R 2 /Z 2 be the usual 2-torus, and let R θ be the image of the line {y = θx} under the quotient map R 2 → T 2 , with θ a fixed irrational number. Note that T 2 is an abelian Lie group, and R θ is a subgroup. The quotient group T 2 /R θ with the quotient diffeology is called the 1-dimensional irrational torus of slope θ. One can show that T 2 /R θ is diffeomorphic to T On the other hand, we claim that
with U a connected open subset of R n , f and g smooth maps, and π the quotient map, the difference f − g is a continuous function landing in Z + θZ, and thus is constant. In particular, if 0 ∈ U and f (0) = 0 = g(0), then f = g. Moreover, since plots U → T 2 θ locally lift to R, they lift as germs. (In fact, the uniqueness implies that they lift globally.) This shows that π is a final object of G(T 2 θ , x) and therefore that T x (T 2 θ ) ∼ = T 0 (R) ∼ = R. See [He, Example 4 .2] for a geometric explanation of this result.
Example 3.18. Let O(n) act on R n in the usual way. Then the orbit space H n with the quotient diffeology bijects naturally with the half line [0, ∞), but H n and [0, ∞) with the sub-diffeology of R are not diffeomorphic, nor are H n and H m for n = m (see [I2] ). By Proposition 3.3, it is easy to see that
We claim thatT [0] (H n ) = R. To prove this, observe that the natural map
is a diffeomorphism, where the right-hand-side is equipped with the sub-diffeology of C ∞ (R n , R). This follows from the fact that the functor U ×− is a left adjoint for any open subset U of a Euclidean space, and therefore commutes with quotients. Next, consider the natural smooth map
which sends f to the function g : R → R defined by g(t) = f (t, 0, . . . , 0), where the right-hand-side is equipped with the sub-diffeology of C ∞ (R, R). The map φ is injective, by rotational invariance. By [Wh, Theorem 1] , any smooth even function g : R → R can be written as h(t 2 ) for a (nonunique) smooth function h : R → R, which implies that φ is surjective: given g, define f by f (x) = h( x 2 ). To see that φ is a diffeomorphism, use the Remark at the end of [Wh] , which says that Theorem 1 holds for functions of several variables which are even in one of them. Note that under the identifications provided by the above maps, the diffeological algebra A(H n , [0]) of germs coincides with the diffeological algebra A of germs of even smooth functions from R to R at 0. Thus it suffices to compute the smooth derivations on A.
It is easy to check that the map D : A → R which sends g to g ′′ (0) is a derivation. It is smooth since the second derivative operator [CSW, Lemma 4.3] and evaluation at 0 are. And it is non-zero, since D(j) = 2, where j : R → R is defined by j(x) = x 2 . Now suppose that F is any derivation on A. If g is a germ of an even smooth function R → R near 0, then g(x) = g(0) + x 2 h(x) for some even smooth germ h. Thus F (g) = F (j)h(0) while D(g) = 2h(0), and so F = (F (j)/2)D. Therefore,
We note in passing that A can also be described as the algebra of germs of smooth functions on H 1 , so the argument above can be viewed as a reduction to the case where n = 1.
Example 3.19. Let H sub = [0, ∞), as a diffeological subspace of R. Let us calculate T 0 (H sub ) and T 0 (H sub ).
We will first show that T 0 (H sub ) = 0. By Proposition 3.3, it suffices to show that every tangent vector of the form p * ( d dt ) is zero, where p : R → H sub is a smooth curve with p(0) = 0 and d dt is the standard unit vector in T 0 (R). It follows from Taylor's formula that p ′ (0) = 0, and hence that p(x) = x 2 r(x) for some plot r : R → H sub . We define q : R 2 → H sub by q(x, y) = y 2 r(x), which is clearly a plot of H sub . This restricts to p on the diagonal y = x, and so p * (
. Thus our tangent vector is the sum of the tangent vectors obtained by restricting q to the axes. The restriction of q to the x-axis gives the zero function, and the restriction of q to the y-axis gives the function h : R → H sub sending y to y 2 r(0). The former clearly gives the zero tangent vector. For the latter, since h(y) = h(−y), we have that h * ( To calculateT 0 (H sub ), consider the squaring map α : H 1 → H sub , where H 1 = R/O(1) is described in Example 3.18. The map α is smooth, since it fits into a diagram
We therefore have a smooth map α * :
Regarding the latter as consisting of even smooth functions R → R, α * sends a smooth function h : H sub → R to the smooth function mapping t to h(t 2 ). This is clearly injective, and by [Wh] it is surjective and a diffeomorphism. Also note that by [CSW, Lemma 3.16] , the D-topology on H sub is the same as the sub-topology of R. This implies that the algebras A(H sub , 0) and A (H 1 , [0] ) of germs are isomorphic as diffeological algebras, and therefore thatT 0 (H sub ) ∼ =T [0] (H 1 ) ∼ = R. A non-zero element ofT 0 (H sub ) is given by the smooth derivation sending f to f ′ (0). Under the isomorphism, this corresponds to D/2 ∈T [0] (H 1 ) from Example 3.18.
3.4.
Other approaches to tangent spaces. We have studied the internal and external tangent spaces in some detail because we find them to be the most natural definitions. Rather than arguing that one of them is the "right" definition, we simply point out that it depends on the application. The internal tangent space fits most closely with the definition of a diffeological space, as it works directly with the plots, so it will form the basis for the next section, on tangent bundles.
There are many other possible approaches to defining tangent spaces, and again, these will be useful for different applications. We briefly summarize a few variants of our approaches here.
3.4.1. Variants of the internal tangent space. We have seen in Proposition 3.3 that the internal tangent space T x (X) is spanned by vectors of the form p * ( d dt ), where p : R → X is a smooth curve sending 0 to x. One could instead use smooth maps from [0, ∞) to X sending 0 to x, with relations coming from higher-dimensional quadrants. With such a definition, [0, ∞) as a diffeological subspace of R would have a non-trivial tangent space at 0.
Our internal tangent spaces were defined as colimits in the category of vector spaces. One could instead take the colimit in the category of sets, which would mean that every tangent vector is representable by a smooth curve.
These two choices are independent; one could form a tangent space using either one or both of them.
3.4.2.
Variants of the external tangent space. An external tangent vector is defined to be a smooth derivation A(X, x) → R. One might instead consider all derivations. For all examples in Subsection 3.3 we would get the same external tangent spaces, but in general we don't know if every derivation is automatically smooth.
Independently, one could also change the definition of the space A(X, x) of germs of smooth functions at x. It was defined at the beginning of Subsection 3.2 using the D-topology on X. However, when studying diffeological bundles [I1] , the correct notion of "locality" uses the plots, not the D-open subsets. Moreover, for global smooth functions, we have that C ∞ (X, R) = lim C ∞ (U, R), where the limit is taken in the category of sets and the indexing category is the category DS/X of plots U → X. Thus, by analogy, one might define the germs of smooth functions at x to be lim G 0 (U ), where G 0 (U ) denotes the set of germs of smooth functions at 0 ∈ U , and the indexing category is the category DS 0 /(X, x) of pointed plots (U, 0) → (X, x). This has the advantage of being closer to the definition of the internal tangent space, but we have not investigated it in detail.
There is an established definition of differential forms on a diffeological space [I3] , and one could instead define the tangent space to be the dual of the space of 1-forms at a point. This is closely related to the external tangent space we study, since a germ f of a smooth function gives rise to a 1-form df .
3.4.3. A mixed variant. Finally, recall that in Remark 3.15 we defined a natural transformation β : T →T . One could consider the image of this natural transformation. That is, one identifies internal tangent vectors if they give rise to the same directional derivative operators. Something very close to this is done in [V] , except that the derivative operators are only compared on global smooth functions rather than germs of smooth functions.
In [I3] , a mixed variant of the definition involving 1-forms is proposed, and worked out in some detail. Each 1-dimensional plot centered at a point gives rise to a smooth linear functional on 1-forms, and the tangent space is defined to be the span of such linear functionals. This definition agrees with the internal tangent space in all examples where we know both.
One can also consider mixed variants involving sets rather than vector spaces. For example, the set of external tangent vectors which are represented by smooth curves is called the kinematic tangent space in [NL] . A very similar approach was taken in [So1] , which discussed the case in which X is a diffeological group, and used certain "states" X → C to determine when two internal tangent vectors are equal.
Internal tangent bundles
We discussed the internal tangent space of a diffeological space at a point in Subsection 3.1. As usual, if we gather all of the internal tangent spaces together, we can form the internal tangent bundle. In Subsection 4.1, we begin by recalling the diffeology Hector defined on this bundle [He] . We show that it is not well-behaved in general and also point out some errors in [He, HM, La] . We then introduce a refinement of Hector's diffeology, called the dvs diffeology, give several examples and counterexamples, and describe the internal tangent bundle of a diffeological group. In Subsection 4.2, we give a conceptual explanation of the relationship between Hector's diffeology and the dvs diffeology: they are colimits, taken in different categories, of the same diagram. In Subsection 4.3, we study the question of when internal tangent spaces are fine diffeological vector spaces. Finally, in Subsection 4.4, we study the internal tangent bundles of function spaces, and generalize a result in [He, HM] that says that the internal tangent space of the diffeomorphism group of a compact smooth manifold at the identity is isomorphic to the vector space of all smooth vector fields on the manifold.
Definitions and examples.
In this subsection, we recall Hector's diffeology on the internal tangent bundle of a diffeological space. Then we observe in Example 4.3 that when the internal tangent bundle is equipped with Hector's diffeology, neither addition nor scalar multiplication are smooth in general. This provides a counterexample to some claims in [He, HM, La] . To overcome this problem, we introduce a refinement of Hector's diffeology, called the dvs diffeology, on the tangent bundle. Proposition 4.13 extends some results about internal tangent spaces to internal tangent bundles. Then we prove in Theorem 4.15 that the internal tangent bundle of a diffeological group is always trivial, as the original proof in [HM] was partially based on a false result. We also show that, in this case, Hector's diffeology and the dvs diffeology agree.
Definition 4.1. The internal tangent bundle T X of a diffeological space X is defined to be the set x∈X T x (X). Hector's diffeology [He] on T X is generated by the maps T f : T U → T X, where f : U → X is a plot of X with U connected, T U has the standard diffeology, and for each
with U − u the translation of U by u. The internal tangent bundle of X with Hector's diffeology is denoted T H (X), and T x (X) with the sub-diffeology of T H (X) is denoted T H x (X). We write elements of T X as (x, v), where v ∈ T x (X).
Recall that by the universal property of colimit, for any smooth map f : X → Y and any x ∈ X, we have a linear map f * : T x (X) → T f (x) (Y ). It is straightforward to check that T H : Diff → Diff is a functor, and hence f * :
is smooth (indeed, it is a subduction), and hence π : T H → 1 is a natural transformation. Also the zero section X → T H (X) is smooth.
Definition 4.2. A diffeological vector space is a vector space object in Diff. More precisely, it is both a diffeological space and a vector space such that the addition and scalar multiplication maps are smooth.
The following example shows that T H x (X) is not a diffeological vector space in general. In fact, both the addition map T
x (X) and the scalar multiplication map R × T H x (X) → T H x (X) can fail to be smooth. Therefore, both [HM, Proposition 6.6] and [La, Lemma 5.7] are false. Example 4.3. Let X be the diffeological space introduced in Example 3.13, two copies of R glued at the origin thought of as a subset of R 2 . We first show that the addition map T
is not smooth. To see this, let f, g : R → T (0,0) (X) be given by f (x) = (x, 0) and g(x) = (0, x), where we use the natural identification T (0,0) (X) ∼ = R 2 . Clearly f and g are smooth as maps R → T H (0,0) (X). We will show that the sum h = f + g : R → T H (0,0) (X) given by x → (x, x) is not smooth. Any plot p : U → X must locally factor through one of the axes, and so the diffeology on T H (0,0) (X) is generated by plots factoring through one of the axes. Clearly h is not locally constant and does not locally factor through a generating plot, so it is not smooth. Now we show that scalar multiplication R × T Note that if V is a diffeological vector space over X, then it is automatically the case that each fibre of p, with the sub-diffeology, is a diffeological vector space. It also follows that p is a subduction. Now we give a construction that we will use to enlarge the diffeology on T H (X) in order to make it a diffeological vector space over X. A similar construction can be found in [V, Theorem 5.1.6 and Definition 6.2.1], using a different definition of the tangent spaces. One can show that the notion of regular vector bundle in [V] exactly matches our notion of a diffeological vector space over a diffeological space.
Proposition 4.6. Let p : V → X be a smooth map between diffeological spaces, and suppose that each fibre of p has a vector space structure. Then there is a smallest diffeology D on V which contains the given diffeology and which makes V into a diffeological vector space over X.
Proof. We first take the largest diffeology on V making p : V → X smooth. It is easy to see that this diffeology contains the original diffeology on V and makes V into a diffeological vector space over X. Now consider the intersection D of all diffeologies D i on V which have these two properties. We claim that D also has these two properties. It is clear that D contains the original diffeology on V and that p : (V, D) → X and the zero section
We writeṼ for V equipped with the diffeology D. In the special case where X is a point and the vector space V starts with the discrete diffeology, the above proposition proves that there is a smallest diffeology on V making it into a diffeological vector space. This diffeology is called the fine diffeology, and its plots are exactly those maps which locally factor through a finite-dimensional linear subspace of V ; see Subsection 4.3 and [I3, Chapter 3] .
Note that the largest diffeology on V making p : V → X smooth, which was used in the proof of the above proposition, is not generally interesting, since it induces the indiscrete diffeology on each fibre.
Remark 4.7. One can give a more concrete description of the diffeology D on V described in Proposition 4.6: it is generated by the linear combinations of the original plots of V and the composite of the zero section with plots of X. More precisely, given a plot q : U → X, plots q 1 , q 2 , . . . , q k : U → V such that p • q i = q for all i, and plots r 1 , r 2 , . . . , r k : U → R in the standard diffeology on R, the linear combination U → V sending u to r 1 (u)q 1 (u) + · · · + r k (u)q k (u) in p −1 (q(u)) is a plot in D, and every plot in D is locally of this form. Note that when k = 0, this is the composite of the plot q of X with the zero section of V .
One consequence is the following description of the fibres ofṼ . For x ∈ X, writeṼ x for p −1 (x) with the sub-diffeology ofṼ and V x for the same set with the diffeology obtained by starting with the sub-diffeology of V and completing it to a vector space diffeology using Proposition 4.6. It is not hard to see that these diffeologies agree. (See also [V, Proposition 6.2.2(iiii) ].) More generally, this construction commutes with pullbacks.
The following two results also follow immediately from Remark 4.7.
be a commutative diagram in Diff, such that each fibre of p and q has a vector space structure and
) is linear for each x ∈ X. Then the map f : V → W is smooth.
Furthermore, if both f and g in the original square are inductions, then so is f : V → W .
Proposition 4.9. Let p : V → X and q : W → Y be smooth maps between diffeological spaces. Assume that each fibre of p and q has a vector space structure. Then V × W is isomorphic to V × W as diffeological vector spaces over X × Y .
Here is the new diffeology on the internal tangent bundle of a diffeological space:
Definition 4.10. We define the dvs diffeology on T X to be the smallest diffeology containing Hector's diffeology which makes T X into a diffeological vector space over X. The internal tangent bundle of X with the dvs diffeology is denoted T dvs (X), and T x (X) with the sub-diffeology of T dvs (X) is denoted T dvs x (X). By Proposition 4.8 and the corresponding results for Hector's diffeology, it is clear that T dvs : Diff → Diff is a functor, and we have a natural transformation π : T dvs → 1. Hence, for any smooth map f : X → Y and any x ∈ X, the induced map f * :
is a smooth linear map between diffeological vector spaces. Also, the natural map π X : T dvs (X) → X is a subduction.
Example 4.11. When X is a smooth manifold, it follows from Example 3.12 that T X agrees with the usual tangent bundle as a set. In fact, it is not hard to check that Hector's diffeology on T X coincides with the standard diffeology, regarding T X as a smooth manifold. Since T X is a diffeological space over X, the dvs diffeology on T X also coincides with the standard diffeology.
Remark 4.12. Example 3.13 shows that T X → X is not a diffeological bundle [I1] in general, whether T X is equipped with Hector's diffeology or the dvs diffeology, since the pullback along a non-constant plot passing through the origin would have fibres of different dimensions. The same example also shows that T X → X is not a fibration in the sense of [CW] , with either diffeology. Indeed, there is no dashed arrow making the diagram 4.2. A conceptual description of the Hector and dvs diffeologies. In this subsection we give a categorical explanation of the difference between Hector's diffeology and the dvs diffeology on the internal tangent bundle of a diffeological space. To summarize briefly, they can both be described as the colimit of a natural diagram, but the colimits take place in different categories. This material is not needed in the rest of the paper.
For a diffeological space X, a vector space with diffeology over X is a diffeological space V , a smooth map p : V → X and a vector space structure on each of the fibres V x = p −1 (x), with no compatibility conditions. The category VSD has as objects the vector spaces with diffeology over diffeological spaces, and as morphisms the commutative squares
Proposition 4.16. The category VSD is complete and cocomplete.
Proof. Let F : I → VSD be a functor from a small category, and write V i → X i for F (i). There are two functors t, b : VSD → Diff, sending the above commutative square to g : V → W and f : X → Y , respectively. Write lim V i and lim X i for the limits of the functors t • F and b • F , respectively. Then it is easy to check that there is a canonical smooth map lim V i → lim X i which is the limit of F in VSD.
Next, write X = colim X i for the colimit of the functor b • F . Let C be the category of elements of b • F . Then C has as objects the pairs (i, a) for i ∈ Obj(I) and a ∈ X i , and the morphisms
There is a natural bijection between π 0 (C) and the underlying set of X. For any x ∈ X, the connected full subcategory C x of C corresponding to x consists of the objects (i, a) such that a ∈ X i is sent to x ∈ X by the cone map X i → X. There is a functor C x → Vect sending (i, a) to V i,a , the fibre above a ∈ X i in V i , and sending f :
Let V x be the colimit of this functor and let V be the disjoint union x∈X V x . There is a canonical map V i → V for each i ∈ Obj(I), and we equip V with the smallest diffeology making these maps smooth. Then the canonical projection V → X is smooth, and one can check that this is the colimit of F .
We write DVS for the full subcategory of VSD with objects diffeological vector spaces over diffeological spaces (see Definition 4.2). Propositions 4.6 and 4.8 imply that the forgetful functor DVS → VSD has a left adjoint, sending p : V → X to p :Ṽ → X. It is clear that if p : V → X is a diffeological vector space over X, thenṼ = V . Therefore, the category DVS is also complete and cocomplete, with the limit computed in VSD, and the colimit obtained by applying the left adjoint functor to the corresponding colimit in VSD. Also, Proposition 4.9 says that the left adjoint commutes with finite products.
Recall that DS is the category with objects all open subsets of R n and morphisms smooth maps between them. The main result of this subsection is now straightforward to check.
Theorem 4.17. Let X be a diffeological space. Consider the functor DS/X → DVS defined by
The colimit of this functor is π X : T dvs (X) → X, and the colimit of the composite functor DS/X → DVS → VSD is π X : T H (X) → X.
This can also be phrased as saying that the functors T H : Diff → VSD and T dvs : Diff → DVS are left Kan extensions of the natural functors DS → VSD and DS → DVS along the inclusion functor DS → Diff.
4.3.
Fineness of internal tangent spaces. Recall that any vector space has a smallest diffeology making it into a diffeological vector space. This diffeology is called the fine diffeology, and its plots are exactly those maps which locally factor through a finite-dimensional linear subspace of V ; see [I3, Chapter 3] . In this subsection, we study when T H x (X) and T dvs x (X) are fine diffeological vector spaces, giving examples where they are fine and where they are not.
The material in this subsection is independent of the material in the following subsection.
From Example 4.3, we know that T H x (X) in general is not a fine diffeological vector space. We now give a condition implying that T dvs x (X) is fine. Proposition 4.18. Let (X, x) be a pointed diffeological space. Assume that there exists a local generating set G of X at x with the property that for any q : U → X in G, if f : V → U is a smooth map from an open subset V of R n such that q • f = c x (the constant map), then f is locally constant. Then T dvs x (X) is a fine diffeological vector space. Proof. By the second half of Remark 4.7, the diffeology on T dvs x (X) is the smallest diffeology containing Hector's diffeology which makes T dvs x (X) into a diffeological vector space. Thus it suffices to show that Hector's diffeology is contained in the fine diffeology. That is, we need to show that every plot V → T H x (X) locally factors through finite-dimensional subspaces. Let p : V → T H x (X) be a plot. Since Hector's diffeology on T X is generated by maps T U → T X induced by plots U → X, for each v 0 ∈ V there is a connected open neighbourhood V ′ of v 0 in V such that p| V ′ is either constant or of the form V ′ g −→ T U → T X, with image in T x (X), where g is smooth. In the first case, constant plots factor through 1-dimensional subspaces. In the second case, shrinking V ′ further if necessary, we can assume that U → X is in the local generating set G. The composite V ′ g −→ T U → U → X is constant, and so by hypothesis, g must land in T u (U ) for some u ∈ U . This shows that p| V ′ factors through a finite-dimensional subspace of T x (X), namely the image of T u (U ).
Here are some examples that follow from Proposition 4.18:
Example 4.19. T dvs x (X) is a fine diffeological vector space when: (1) X is a smooth manifold, and x is any point of X; (2) X is the axes in R 2 with the pushout diffeology (Example 3.13), and x is any point of X; (3) X is a 1-dimensional irrational torus (Example 3.17), and x is any point of X. Proof. Recall that T 0 (V ) is defined to be the colimit of T 0 (U ) taken over the category DS 0 /(V, 0) consisting of plots p : U → V sending 0 to 0. Consider the full subcategory G of DS 0 /(V, 0) consisting of inclusions W ֒→ V of finite-dimensional subspaces. It is not hard to see that this is a final subcategory, in the sense that the overcategory p/G is non-empty and connected for each plot p in DS 0 /(V, 0). Therefore, we can restrict to the subcategory G and find that as vector spaces
By the criteria in Proposition 4.18, we know that T (G) and T dvs e (G) are not necessarily fine. As a consequence, although T e (G) is a colimit in the category of
